Abstract. A series of examples of toric Sasaki-Einstein 5-manifolds is constructed which first appeared in the author's Ph.D. thesis [40] . These are submanifolds of the toric 3-Sasakian 7-manifolds of C. Boyer and K. Galicki. And there is a unique toric quasi-regular Sasaki-Einstein 5-manifold associated to every simply connected toric 3-Sasakian 7-manifold. Using 3-Sasakian reduction as in [8, 7] an infinite series of examples is constructed of each odd second Betti number. They are all diffeomorphic to #kM∞, where M∞ ∼ = S 2 × S 3 , for k odd. We then make use of the same framework to construct positive Ricci curvature toric Sasakian metrics on the manifolds X∞#kM∞ appearing in the classification of simply connected smooth 5-manifolds due to Smale and Barden. These manifolds are not spin, thus do not admit Sasaki-Einstein metrics. They are already known to admit toric Sasakian metrics (cf. [9] ) which are not of positive Ricci curvature. We then make use of the join construction of C. Boyer and K. Galicki first appearing in [6] , see also [9] , to construct infinitely many toric Sasaki-Einstein manifolds with arbitrarily high second Betti number of every dimension 2m + 1 ≥ 5. This is in stark contrast to the analogous case of Fano manifolds in even dimensions.
Introduction
A new series of quasi-regular Sasaki-Einstein 5-manifolds is constructed. These examples first appeared in the author's Ph.D. thesis [40] . They are toric, and arise as submanifolds of toric 3-Sasakian 7-manifolds. Applying 3-Sasakian reduction to torus actions on spheres C. Boyer, K. Galicki, et al [8] produced infinitely many toric 3-Sasakian 7-manifolds. More precisely, one has a 3-Sasakian 7-manifold S Ω for each integral weight matrix Ω satisfying some conditions to ensure smoothness. This produces infinitely many examples of each b 2 (S Ω ) ≥ 1. A result of D. Calderbank and M. Singer [12] shows that, up to finite coverings, this produces all examples of toric 3-Sasakian 7-manifolds. Associated to each S Ω is its twistor space Z, a complex contact Fano 3-fold with orbifold singularities. The action of T 2 complexifies to T 2 C = C * × C * acting on Z. Furthermore, if L is the line bundle of the complex contact structure, the action defines a pencil E = P(t C ) ⊆ |L|, where t C is the Lie algebra of T 2 C . We determine the structure of the divisors in E. The generic X ∈ E is a toric variety with orbifold structure whose orbifold anti-canonical bundle K −1 X is positive. The total space M of the associated S 1 orbifold bundle to K X has a natural Sasaki-Einstein structure. Associated to any toric 3-Sasakian 7-manifold S with π 1 (S) = e we have the following diagram. The horizontal maps are inclusions and the vertical are orbifold fibrations. And M is the 4-dimensional anti-self-dual Einstein orbifold over which S is an Sp(1) or SO(3) orbifold bundle. It follows from the Smale/Barden classification of smooth 5-manifolds (cf. [38] and [3] ) that M is diffeomorphic to #k(S 2 × S 3 ) where b 2 (M ) = k. We have the following: 
This gives an invertible correspondence. That is, given either X or M in diagram 1.1 one can recover the other spaces with their respective geometries.
This gives an infinite series of quasi-regular Sasaki-Einstein structures on #m(S 2 × S 3 ) for every odd m ≥ 3.
In section 2 we review the basics of Sasakian geometry. In section 3 we cover the toric geometry used in the proof of 1.1. The reader can find a complete proof of the solution to the Einstein equations giving theorem 1.1 in [40] . But the existence problem of Sasaki-Einstein structures on toric Sasakian manifolds is completely solved in [41] and [18] . So this result is summarized in section 4. The basics of 3-Sasakian manifolds and 3-Sasakian reduction are covered in section 5. This section also contains some results on anti-self-dual Einstein orbifolds such as the classification result of D. Calderbank and M. Singer used in the correspondence in theorem 1.1. Section 6 contains the proof of theorem 1.1 and completes diagram 1.1. The only other possible topological types for simply connected toric Sasakian 5-manifolds are the non-spin manifolds X ∞ #kM ∞ . In section 7 we use the framework already constructed to construct positive Ricci curvature Sasakian metrics on these manifolds. They are already shown to admit Sasakian structures in [9] . In section 8 we use the join construction of C. Boyer and K. Galicki [6, 9] to construct higher dimensional examples of toric quasi-regular Sasaki-Einstein and positive Ricci curvature manifolds. In particular, in every possible dimension n ≥ 5 there exist infinitely many toric quasi-regular Sasaki-Einstein manifolds with arbitrarily high second Betti number.
This article concentrates on the quasi-regular case. This is not for lack of interest in irregular Sasaki-Einstein manifolds, but that case is covered well elsewhere, such as in [31, 32, 18] .
This article makes copious use of orbifolds, V-bundles on them, and orbifold invariants such as the orbifold fundamental group π . Besides the Kähler structure on C(M ) there is transverse Kähler structure on M . The Killing vector field ξ generates the Reeb foliation F ξ on M . The vector field ξ − iJξ = ξ + ir∂ r on C(M ) is holomorphic and generates a local C * -action extending that of ξ on M . The local orbits of this action define a transverse holomorphic structure on F ξ . One can choose an open covering {U α } α∈A of M such that we have the projection onto the local leaf space π α : U α → V α . Then when U α ∩ U β = ∅, the transition
There is an isomorphism
for each p ∈ U α , which allows one to define a metric g T with Kähler form ω = 1 2 dη as restrictions of g and 1 2 dη = g(Φ·, ·) to D p . These are easily seen to be invariant under coordinate changes. Straight forward calculation gives the following: σ = R ≥0 n 1 + · · · + R ≥0 n r , and one has σ ∩ −σ = {o}, where o ∈ N is the origin.
The dimension dim σ is the dimension of the R-subspace σ + (−σ) of N R . The dual cone to σ is σ ∨ = {x ∈ M R : x, y ≥ 0 for all y ∈ σ}, which is also a convex rational polyhedral cone. A subset τ of σ is a face, τ < σ, if τ = σ ∩ m ⊥ = {y ∈ σ : m, y = 0} for m ∈ σ ∨ .
And τ is a strongly convex rational polyhedral cone.
Definition 3.2. A fan in N is a collection ∆ of strongly convex rational polyhedral cones such that: (i) For σ ∈ ∆ every face of σ is contained in ∆.
(ii) For any σ, τ ∈ ∆, the intersection σ ∩ τ is a face of both σ and τ .
We will consider complete fans for which the support σ∈∆ σ is N R . We will denote ∆(i) := {σ ∈ ∆ : dim σ = i}, 0 ≤ i ≤ n.
Definition 3.3.
A fan in N is nonsingular if each σ ∈ ∆(r) is generate by r elements of N which can be completed to a Z-basis of N . A fan in N is simplicial if each σ ∈ ∆(r) is generated by r elements of N which can be completed to a Q-basis of N Q .
If σ is a strongly convex rational polyhedral cone, S σ = σ ∨ ∩ M is a finitely generated semigroup. We denote by C[S σ ] the semigroup algebra. We will denote the generators of C[S σ ] by x m for m ∈ S σ . Then U σ := Spec C[S σ ] is a normal affine variety on which T C acts algebraically with a (Zariski) open orbit isomorphic to T C . If σ is nonsingular, then U σ ∼ = C n .
Theorem 3.4 ( [16, 33, 34] ). For a fan ∆ in N the affine varieties U σ for σ ∈ ∆ glue together to form an irreducible normal algebraic variety
Furthermore, X ∆ is non-singular if, and only if, ∆ is nonsingular. And X ∆ is compact if, and only if, ∆ is complete.
Proposition 3.5. The variety X ∆ has an algebraic action of T C with the following properties.
(i) To each σ ∈ ∆(i), 0 ≤ i ≤ n, there corresponds a unique (n − i)-dimensional T C -orbit Orb(σ) so that X ∆ decomposes into the disjoint union
where Orb(o) is the unique n-dimensional orbit and is isomorphic to T C . (ii) The closure V (σ) of Orb(σ) in X ∆ is an irreducible (n − i)-dimensional T Cstable subvariety and
Orb(τ ).
We will consider toric varieties with an orbifold structure.
Definition 3.6. We will denote by ∆ * an augmented fan by which we mean a fan ∆ with elements n(ρ) ∈ N ∩ ρ for every ρ ∈ ∆(1). And N/N ′ is the kernel of the homomorphism
Let Γ = N/N ′ . An element t ∈ Γ is a homomorphism t : M ′ → C * equal to 1 on M . The regular functions on U σ ′ consist of C-linear combinations of x m for m ∈ σ ′∨ ∩ M ′ . And t · x m = t(m)x m . Thus the invariant functions are the C-linear combinations of x m for m ∈ σ ∨ ∩M , the regular functions of U σ . Thus U σ ′ /Γ = U σ . And the charts are easily seen to be compatible on intersections.
Conversely, we have the following. See [40] for a proof. Let ∆ * be an augmented fan in N . We will assumed from now on that the fan ∆ is simplicial and complete. Definition 3.9. A real function h : N R → R is a ∆ * -linear support function if for each σ ∈ ∆ * with given Q-generators p 1 , . . . , p r in N , there is an l σ ∈ M Q with h(s) = l σ , s and l σ is Z-valued on the sublattice Z{p 1 , . . . , p r }. And we require that l σ , s = l τ , s whenever s ∈ σ ∩ τ . The additive group of ∆ * -linear support functions will be denoted by SF(∆ * ).
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Note that h ∈ SF(∆ * ) is completely determined by the integers h(n(ρ)) for all ρ ∈ ∆(1). And conversely, an assignment of an integer to h(n(ρ)) for all ρ ∈ ∆(1) defines h. Thus SF(∆ * ) ∼ = Z ∆(1) .
Definition 3.10. Let ∆ * be a complete augmented fan. For h ∈ SF(∆ * ),
is a, possibly empty, convex polytope in M R .
We will consider the holomorphic line V -bundles on X = X ∆ * . All V -bundles will be proper in this section. The set of isomorphism classes of holomorphic line V -bundles is denoted by Pic orb (X), which is a group under the tensor product. 
where ν V (f )V is the order of the zero, or negative the order of the pole, of f along each irreducible subvariety of codimension one. We have the exact sequence
A holomorphic line V -bundle π : L → X is equivariant if there is an action of T C on L such that π is equivariant, π(tw) = tπ(w) for w ∈ L and t ∈ T C and the action lifts to a holomorphic action, linear on the fibers, over each uniformizing neighborhood. The group of isomorphism classes of equivariant holomorphic line V -bundles is denoted Pic orb T C (X). Similarly, we have invariant Baily divisors, denoted Div
Proposition 3.12. Let X = X ∆ * be compact with the standard orbifold structure, i.e. ∆ * is simplicial and complete.
(ii) There is a natural homomorphism
then m defines a section ψ : X → L h which has the equivariance property
T C (X) and we have the exact sequence
Proof. (i) For each σ ∈ ∆(n) with uniformizing neighborhood π :
where V ′ (ρ) is the closure of the orbit Orb(ρ) in U σ ′ . An element Div orb T C (X) must be a sum of closures of codimension one orbits V (ρ) in Proposition 3.5, and by above remarks the map is an isomorphism.
(ii) One defines
Then L h | Uσ is the quotient by the subgroup N/N ′ ⊂ T ′ C , so it has an action of T C . And the L h | Uσ glue together equivariantly with respect to the action.
(iii) For σ ∈ ∆ we have m, n ≥ l σ , n for all n ∈ σ. Then m−l σ ∈ M ′ ∩σ ′ ∨ and x m−lσ is a section of the invertible sheaf O U σ ′ (D h ) and is equivariant with respect to N/N ′ so it defines a section of L h | Uσ . And these sections are compatible. (iv) We will make use of the GAGA theorems of A. Grothendieck [20, 21] . As with any holomorphic V -bundle, the sheaf of sections O(L h ) is a coherent sheaf. It follows from GAGA that we may consider O(L h ) as a coherent algebraic sheaf, and all global sections are algebraic. If φ is a global section, then
. And in the uniformizing chart π : U σ ′ → U σ , φ lifts to an element of the module O U σ ′ · x lσ which has a basis {x
, and the result follows from i.
(vi) Consider L U σ ′ on a uniformizing neighborhood U σ ′ as above. For each ρ ∈ ∆(1), ρ < σ the subgroup H ρ ⊆ N/N ′ fixing V ′ (ρ) is cyclic and generated by n ′ ∈ N where n ′ is the primitive element with a ρ n ′ = n(ρ). Now H ρ acts linearly on the
is Cartier on X 0 := X \ Sing(X), where Sing(X) has codimension at least two. The sheaf O(L ′ ) is not only coherent but is a rank-1 reflexive sheaf.
where E is an algebraic reflexive rank-1 sheaf and O ′ is the sheaf of analytic functions. It is well known that E = O(D) for D ∈ Weil(X). And as a Baily divisor, we have
, and by v. we have L ∼ = L h for some h ∈ SF(∆ * ).
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The sign convention in the proposition is adopted to make subsequent discussions involving Σ h consistent with the existing literature, although having D −m = div(x m ) maybe bothersome. Note also that we denote a Baily divisor by a formal Z-linear sum the coefficient giving the multiplicity of the irreducible component in the uniformizing chart. This is different from its expression as a Weil divisor when irreducible components are contained in codimension-1 components of the singular set of the orbifold.
For X = X ∆ * there is a unique k ∈ SF(∆ * ) such that k(n(ρ)) = 1 for all ρ ∈ ∆(1). The corresponding Baily divisor
is the (orbifold) canonical divisor. The corresponding V -bundle is K X , the Vbundle of holomorphic n-forms. This will in general be different from the canonical sheaf in the algebraic geometric sense.
Definition 3.13. Consider support functions as above but which are only required to be
Given a strictly upper convex support function h, the polytope Σ h is the convex hull in M R of the vertices {l σ : σ ∈ ∆(n)}. Each ρ ∈ ∆(1) defines a facet by
If n(ρ) = a ρ n ′ with n ′ ∈ N primitive and a ρ ∈ Z + we may label the face with a ρ to get the labeled polytope Σ * h which encodes the orbifold structure. Conversely, from a rational convex polytope Σ * we associate a fan ∆ * and a support function h as follows. For an l-dimensional face θ ⊂ Σ * , define the rational n-dimensional cone
The set of all σ(θ) defines the complete fan ∆ * , where one assigns n(ρ) to ρ ∈ ∆(1) if n(ρ) = an ′ with n ′ primitive and a is the label on the corresponding (n − 1)-dimensional face of Σ * . The corresponding rational support function is then
Proposition 3.14 ( [34, 16] ). There is a one-to-one correspondence between the set of pairs (∆ * , h) with h ∈ SF(∆, Q) strictly upper convex, and rational convex marked polytopes Σ * h . We will be interested in toric orbifolds X ∆ * with such a support function and polytope, Σ If L h is a line V -bundle, then for certain s > 0, L s h ∼ = L sh will be a holomorphic line bundle. For example s = Ord(X), the least common multiple of the orders of the uniformizing groups, will do. So suppose L h is a holomorphic line bundle. If the global holomorphic sections generate L h , by Proposition 3.12 M ∩ Σ h = {m 0 , m 1 , . . . , m r } and we have a holomorphic map ψ h : X → CP r where Let X ∆ * be an orbifold surface with h ∈ SF(∆ * ). Then the total spaces of L h and L × h are toric varieties. The fan of L × h is as follows. If σ ∈ ∆ * is spanned by n(ρ 1 ), . . . , n(ρ k ) ∈ Z n as in definition 3.6 letσ be the cone in
Furthermore, if h, or −h, is strictly upper convex, then one can add an additional (n + 1)-cone to C h to get an affine variety Y = L × h ∪ {p}. We will make use of the smoothness condition on L × h . The toric variety L × h is smooth if for every n-coneσ of C as above spanned by τ 1 , . . . , τ n ∈ Z n+1 we have
Gorenstein singularity at the apex.
Kähler structures.
We review the construction of toric Kähler metrics on toric varieties. Any compact toric orbifold associated to a polytope admits a Kähler metric (see [29] ). Due to T. Delzant [13] and E. Lerman and S. Tolman [29] in the orbifold case, the symplectic structure is uniquely determined up to symplectomorphism by the polytope, which is the image of the moment map. This polytope is Σ * h of the previous section with h generalized to be real valued. There are infinitely many Kähler structures on a toric orbifold with fixed polytope Σ * h , but there is a canonical Kähler metric obtained by reduction. V. Guillemin gave an explicit formula [22, 11] for this Kähler metric. In particular, we show that every toric Fano orbifold admits a Kähler metric ω ∈ c 1 (X).
Let Σ * be a convex polytope in M R ∼ = R n * defined by the inequalities
where
h is associated to (∆ * , h), then the u i and λ i are the set of pairs n(ρ) and h(n(ρ)) for ρ ∈ ∆(1). We allow the λ i to be real but require any set u i1 , . . . , u in corresponding to a vertex to form a Q-basis of N Q .
Let (e 1 , . . . , e d ) be the standard basis of R d and β : R d → R n be the map which takes e i to u i . Let n be the kernel of β, so we have the exact sequence
and the dual exact sequence
Since (3.6) induces an exact sequence of lattices, we have an exact sequence
where the connected component of the identity of N is an (d−n)-dimensional torus. The standard representation of
and is Hamiltonian with moment map
unique up to a constant c. We will set c = d k=1 λ k e k . Restricting to n * we get the moment map for the action of
N (0) be the zero set. By the exactness of (3.7) z ∈ µ −1 N (0) if an only if there is a v ∈ R n * with µ(z) = β * v. Since β * is injective, we have a map
The following is not difficult to show. 
We have an action of T n = T d /N on X Σ * which is Hamiltonian for ω. The map ν is T d invariant, and it descends to a map, which we also call ν,
which is the moment map for this action. The above comments show that Im(ν) = Σ * . The action T n extends to the complex torus T n C and one can show that as an analytic variety and orbifold X Σ * is the toric variety constructed from Σ * in the previous section. See [23] for more details.
Let σ :
The set Z is stable under σ, and σ descends to an involution on X. We denote the fixed point sets by Z r and X r . And we have the projection (3.15) π : Z r → X r .
We equip Z r and X r with Riemannian metrics by restricting the Kähler metrics on C d and X respectively.
Proposition 3.19. The map (3.15) is a locally finite covering and is an isometry with respect to these metrics
Note that Z r is a subset of R d defined by
Restrict to the orthant
r be the component of Z r in this orthant. Under the coordinates (3.17)
Consider the moment map ν restricted to Z ′ r . The above arguments show that ν maps Z ′ r diffeomorphically onto the interior Σ
• of Σ. In particular we have
Then by equation (3.19) we have
Thus the moment map ν pulls back the metric
We obtain the following. • is an isometry when Σ • is given the metric (3.21) . 
Proof. Suppose the action is Hamiltonian. Any T n -orbit is Lagrangian, so ω restricts to zero. The inclusion T n ⊂ T n C is a homotopy equivalence. Thus ω is exact. Let γ be a T n -invariant 1-form with ω = dγ. Let γ = β +β where β ∈ Ω 0,1 . Then
The converse is a standard result.
Suppose the T n action on W is Hamiltonian with moment map ν : W → R n * . Denote by x + iy the coordinates given by the identification W = C n /2πiZ n .
Proposition 3.22 ([22]
). Up to a constant ν is the Legendre transform of F , i.e.
Proof. By definition
But by Proposition 3.21,
We can eliminate c by replacing F with F − n k=1 c k x k . Notice that the metric (3.21) on Σ
• can be written
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V. Guillemin [22] showed that the Legendre transform of G is the inverse Legendre transform of F , i.e.
(3.24) ∂F ∂x = y and ∂G ∂y = x.
From this it follows that (3.25)
From equations (3.23) and (3.25) it follows that F has the expression
which gives us the following. 
Suppose we have an embedding as in Proposition 3.16,
So Σ h is an integral polytope and M ∩ Σ h = {m 0 , m 1 , . . . , m N }. Let ω F S be the Fubini-Study metric on CP N . Note that ψ * h ω F S is degenerate along the singular set of X, so does not define a Kähler form.
Consider the restriction of
, and w = (w 0 , . . . , w N ), then (3.28) τ (exp z)w = (e m0,x+iy w 0 , . . . , e mN ,x+iy w N ).
Recall the Fubini-Study metric is
Let [w 0 : · · · : w N ] be homogeneous coordinates of a point in the image of W , then
From equation (3.23) we have
where u = u j . Then
So setting d i = e mi,u , gives
Combining these,
Thus we have
Using that Σ h is integral, and k i = 0 for m i a vertex of Σ h , it is not difficult to show that Q is a positive function on Σ h . Thus equation (3.31) is valid on all of X. 
is very ample for some p > 0 and X is Fano as defined in definition (3.15) .
Proof. For some p ∈ Z + , −pk ∈ SF(∆ * ) is integral and L −pk = K −p is very ample. Letω be the canonical metric of the integral polytope Σ * −pk . From the theorem we have
Let ω be the canonical metric for Σ * −k . Theorem (3.23) implies that [ω] = p[ω] For the converse, It follows from the extension to orbifolds of the Kodaira embedding theorem of W. Baily [2] that K −p is very ample for some p > 0 sufficiently large. It follows from standard results on toric varieties that −k is strictly upper convex (see [34] ).
The next result will have interesting applications to the Einstein manifolds constructed later. Proof. Let W ⊂ X be the open T n C orbit. We identify W with C n /2πiZ n with coordinates x + iy. The restriction of ω to W is
Integrating over dy gives
Corollary 3.27. Let X = X ∆ * be a toric Fano orbifold. And let ω be any Kähler form with ω ∈ c 1 (X). Then
Proof. Let ω c be the canonical metric associated to Σ * −k , then
Moment map and Futaki invariant.
A closer analysis of the moment map in the Fano case, originally due to T. Mabuchi [30] , will be useful. Suppose in this section that X = X ∆ * is toric Fano with dim C X = n. As above,
There exists a T -invariant fiber metric Ω on K −1 X with positive Chern form. Thus there exits a C ∞ function u = u(x 1 , . . . , x n ) so that
extends to a volume form Ω on all of X and i∂∂u extends to a Kähler form ω. The moment map ν u : X → M R can be given, without an ambiguous constant, as
which is the usual moment map.
Only the first statement remains to be proved. This is a slight generalization of a similar result in [30] .
We define the Futaki invariant. Let Aut o (X) ⊆ Aut(X) be the subgroup of the homomorphic automorphism group preserving the orbifold structure, and let g be its Lie algebra. Let ω ∈ 2πc 1 (X) be a Kähler form. There exists f ∈ C ∞ (X) with
Note that, as proved in [17] , F is zero on [g, g]. We have the Cartan decomposition
where the v i are eigenvalues for the adjoint action of t C . Since t is the Lie algebra of a maximal torus, one see that the v i are contained in [g, g]. Thus we may restrict
X with the usual action. Let H be the space of hermitian metrics on
where h t , t 0 ≤ t 1 is any piecewise smooth path with
is independent of the path h t and satisfies
and the cocycle conditions
These identities imply that
is in independent of h ∈ H and is a Lie group homomorphism into R + . It has associated Lie algebra character r L * : g → R.
We denote by V R the real component of a homomorphic vector field. Then differentiating (3.37) gives
for V ∈ t C independent of h ∈ H. We have the following.
where both sides are restricted to t C .
Proof. By assumption there is an h ∈ H with positive Chern form. Let β be a
X over W . Then h may be written as the volume form on
And the result follows from (3.38).
. . , n from a basis of t C . We may assume that the Kähler form ω is T -invariant. Then we have
. We have the following simple interpretation of the Futaki invariant in this case. 3.4. Symmetric toric orbifolds. Let X ∆ be an n-dimensional toric variety. Let N (T C ) ⊂ Aut(X) be the normalizer of T C . Then W(X) := N (T C )/T C is isomorphic to the finite group of all symmetries of ∆, i.e. the subgroup of GL(n, Z) of all γ ∈ GL(n, Z) with γ(∆) = ∆. Then we have the exact sequence.
Choosing a point x ∈ X in the open orbit, defines an inclusion T C ⊂ X. This also provides a splitting of (3.39). Let W 0 (X) ⊆ W(X) be the subgroup which are also automorphisms of ∆ * ; γ ∈ W 0 (X) is an element of N (T C ) ⊂ Aut(X) which preserves the orbifold structure. Let G ⊂ N (T C ) be the compact subgroup generated by T n , the maximal compact subgroup of T C , and W 0 (X). Then we have the, split, exact sequence 
The following is immediate from Proposition 3.30. 
Note that c 1 (X) ∈ H 2 orb (X, Z), and Ind(X) is the greatest positive integer m such that
Thus m(h(n ρ ) + h(−n ρ )) = −2, and m = 1 or 2.
We will now restrict to dimension two. In the smooth case every Fano surface, called a del Pezzo surface, is either CP 1 × CP 1 or CP 2 blown up at r points in general position 0 ≤ r ≤ 8. The smooth toric Fano surfaces are CP 1 × CP 1 , CP 2 , the Hirzebruch surface F 1 , the equivariant blow up of CP 2 at two T C -fixed points, and the equivariant blow up of CP 2 at three T C -fixed points. There are only three examples of smooth symmetric toric Fano surfaces, which are CP 1 × CP 1 , CP 2 , and the equivariant blow up of CP 2 at three T C -fixed points. Their marked fans are shown in figure 1. The smooth toric Fano surfaces admitting a Kähler-Einstein metric are precisely the symmetric cases.
Einstein equation
We consider the existence of Sasaki-Einstein metrics on toric Sasakian manifolds. This problem is completely solved in [18] where the more generally the existence of Sasaki-Ricci solitons is proved extending the existence of Kähler-Ricci solitons on toric Fano manifolds proved in [41] . For the examples of Sasaki-Einstein manifolds considered in this article a complete proof can be found in [40] . 
c B φ is a transversal Kähler metric andη ∧η m is nowhere zero. Then there is a Sasakian structure (M,g,Φ, ξ,η) with the same Reeb vector field, transverse holomorphic structure, and basic Kähler class [
The existence of such a deformation of the transverse Kähler structure to a Sasakian Einstein structure requires the following. 
is holomorphically trivial for some q ∈ Z + , and there is a nowhere zero section Ω of K C(M) , which will be multi-valued if
is holomorphically trivial for some q ∈ Z + , and there is a section Ω of K C(M) , which will be multi-valued if
)). Hereω is the Kähler form on C(M ).
In Proposition 2.4 with L = K 1 q X the conditions of Proposition 4.1 are satisfied. We will need the following definition. 
The Lie algebra of Hamiltonian holomorphic vector fields on M is denoted h.
Note thatỸ = Y + iη(Y )r∂ r is a holomorphic vector field on C(M ). These correspond exactly to transversely holomorphic vector fields, i.e. those satisfying (i), which have a potential function (cf. [10] ). In other words if Y ∈ Γ(D ⊗ C) satisfies (i) and L ξ Y = 0, and there exits a complex function θ Y ∈ C ∞ B (M ) with 
Hamiltonian holomorphic vector field. Thus h is isomorphic to the space of transversely holomorphic vector fields commuting with ξ, which is isomorphic to the space of holomorphic vector fields on C(M ) commuting with ξ + √ −1r∂ r . We now suppose that the conditions of Proposition 4.1 hold for (M, g, Φ, ξ, η). 
One can show as in [39] that F Y is unchanged under transversal deformations η →η + 2d c B φ of the Sasakian structure; and F Y (v) = 0, for all v ∈ h, is a necessary condition for a solution to (4.1). If θ Y is a constant, i.e. Y = cξ for some c ∈ C, then (4.3) defines the usual Futaki invariant. And if M is quasi-regular this is, up to a constant, the same invariant defined in (3.34) .
Let H be the transversal holomorphic automorphism group generated by h. Let K ⊂ H be a compact group with Lie algebra k, and let k C be its complexification. Note that we may choose a K-invariant Sasakian structure (M,g,Φ, ξ,η). Then for Y ∈ k, one can take θ Y to be imaginary. So one has k C ⊂ h. As in [39] we have the following.
Furthermore, Y is unique up to addition of cξ, for c ∈ C, and
Suppose now that (M, g, Φ, ξ, η) is a toric Sasakian manifold. If t is the Lie algebra of the m + 1-torus T acting on M , then t ⊂ t C ⊆ h. Using the same argument as after (3.34) we have the following. [39] ). In transverse holomorphic coordinates (4.1) becomes the Monge-Ampère equation
In the toric case A. Futaki, H. Ono, and G. Wang [18] prove the necessary C 0 estimate on φ to solve (4.4) using the continuity method. where Σ * −k is the marked polytope of the anti-canonical bundle. Then (M, g, Φ, ξ, η) admits a transversal deformation to an Sasaki-Einstein structure if, and only if, the barycenter of Σ * −k is the origin. In particular, if M is quasi-regular and the leaf space X ∆ * is symmetric, then solution is Einstein.
3-Sasakian manifolds
In this section we define 3-Sasakian manifolds, the closely related quaternionicKähler spaces, and their twistor spaces. For more details see [5] . These are sister geometries where one is able to pass from one to the other two by considering the appropriate orbifold fibration. Given a 3-Sasakian manifold S there is the associated twistor space Z, quaternionic-Kähler orbifold M, and hyperkähler cone C(S). This is characterized by the diamond : The equivalent 3-Sasakian and quaternionic-Kähler reduction procedures provide an elementary method for constructing 3-Sasakian and quaternionic-Kähler orbifolds (cf. [19, 8] ). This method is effective in producing smooth 3-Sasakian manifolds, though the quaternionic-Kähler spaces obtained are rarely smooth. In particular, we are interested in toric 3-Sasakian 7-manifolds S and their associated four dimensional quaternionic-Kähler orbifolds M. Here toric means that the structure is preserved by an action of the real two torus T 2 . In four dimensions quaternionic-Kähler means that M is Einstein and anti-self-dual, i.e. the self-dual half of the Weyl curvature vanishes W + ≡ 0. These examples are well known and they are all obtained by reduction (cf. [8] and [12] ). In this case we will associate two more Einstein spaces to the four Einstein spaces in the diamond. To each diamond of a toric 3-Sasakian manifold we have a special symmetric toric Fano surface X and a Sasaki-Einstein manifold M which complete diagram 1.1.
The motivation is two fold. First, it adds two more Einstein spaces to the examples on the right considered by C. Boyer, K. Galicki, and others in [8, 5] and also by D. Calderbank and M. Singer [12] . Second, M is smooth when the 3-Sasakian space S is. And the smoothness of S is ensured by a relatively mild condition on the moment map. Thus we get infinitely many quasi-regular SasakiEinstein 5-manifolds with arbitrarily high second Betti numbers paralleling the 3-Sasakian manifolds constructed in [8] .
5.1. Definitions and basic properties. We cover some of the basics of 3-Sasakian manifolds and 3-Sasakian reduction. See [5] for more details.
Definition 5.1. Let (S, g) be a Riemannian manifold of dimension n = 4m + 3. Then S is 3-Sasakian if it admits three Killing vector fields {ξ
We have a triple of Sasakian structures on S. For i = 1, 2, 3 we have η i (X) = g(ξ i , X) and Φ i (X) = ∇ X ξ i . We say that {g, Φ i , ξ i , η i : i = 1, 2, 3} defines a 3-Sasakian structure on S.
Proposition 5.2. The tensors Φ
i , i = 1, 2, 3 satisfy the following identities.
3 is a Sasakian structure. Thus a 3-Sasakian manifold come equipped with an S 2 of Sasakian structures.
As in definition 2.1, 3-Sasakian manifolds can be characterized by the holonomy of the cone C(S). Proof. Define almost complex structures I i , i = 1, 2, 3 by
It is straight forward to verify that they satisfy
And from the integrability condition on each Φ i in definition (2.1) each I i , i = 1, 2, 3 is parallel.
Since a hyperkähler manifold is Ricci flat, we have the following. Suppose (S, g) is compact. This will be the case in all examples considered here. Then the vector fields {ξ 1 , ξ 2 , ξ 3 } are complete and define a locally free action of Sp(1) on (S, g). This defines a foliation F 3 , the 3-Sasakian foliation. The generic leaf is either SO(3) or Sp(1), and all the leaves are compact. So F 3 is quasiregular, and the space of leaves is a compact orbifold, denoted M. The projection ̟ : S → M exhibits S as an SO(3) or Sp(1) V-bundle over M. The leaves of F 3 are constant curvature 3-Sasakian 3-manifolds which must be homogeneous spherical space forms. Thus a leaf is Γ\S 3 with Γ ⊂ Sp(1). For β ∈ S 2 we also have the characteristic vector field ξ β with the associated 1-dimensional foliation F β ⊂ F 3 . In this case F β is automatically quasi-regular. Denote the leaf space of F β as Z β or just Z. Then the natural projection π : S → Z is an S 1 V-bundle. And Z is a (2m + 1)-dimensional projective, normal algebraic variety with orbifold singularities and a Kähler form ω ∈ c orb 1 (Z), i.e. is Fano. Fix a Sasakian structure
to the foliation F of ξ 1 with the almost complex structure I = −Φ 1 | H define a CR structure on S. The form η = η 2 + iη 3 is of type (1, 0) with respect to I. And dη| H∩ker(η) ∈ Ω 2,0 (H ∩ ker(η)) is nondegenerate as a complex 2-form on H ∩ ker(η). Consider the complex 1-dimensional subspace P ⊂ Λ 1,0 H spanned by η. Letting exp(itξ 1 ) denote an element of the circle subgroup U (1) ⊂ Sp(1) generated by ξ 1 one see that exp(itξ 1 ) acts on P with character e −2it . Then L ∼ = S × U(1) P defines a holomorphic line V-bundle over Z. And we have a holomorphic section θ of
whereX is the horizontal lift of a vector field X on Z. Let D = ker(θ) be the complex distribution defined by θ.
is nondegenerate. Thus D = ker(θ) is complex contact structure on Z, that is, a maximally nonintegrable holomorphic subbundle of
Z as holomorphic line V-bundles. We have the following for 3-Sasakian manifolds.
Theorem 5.6. Let (S, g) be a compact 3-Sasakian manifold of dimension n = 4m + 3, and let Z β be the leaf space of the foliation F β for β ∈ S 2 . Then Z β is a compact Q-factorial contact Fano variety with a Kähler-Einstein metric h with scalar curvature s = 8(2m + 1)(m + 1). The projection π : S → Z is an orbifold Riemannian submersion with respect to the metrics g on S and h on Z.
The space Z = Z β is, up to isomorphism of all structures, independent of β ∈ S 2 . We call Z the twistor space of S. Consider again the natural projection ̟ : S → M coming from the foliation F 3 . This factors into π : S → Z and ρ : Z → M. The generic fibers of ρ is a CP 1 and there are possible singular fibers Γ\CP 1 which are simply connected and for which Γ ⊂ U (1) is a finite group. And restricting to a fiber L| CP 1 = O(2), which is a V-bundle on singular fibers. Consider g = exp(
2 ) ∈ Sp(1) which gives an isometry of S ς g : S → S for which ς g (ξ 1 ) = −ξ 1 . And ς g descends to an anti-holomorphic isometry σ : Z → Z preserving the fibers.
We now consider the orbifold M more closely. Let (M, g) be any 4m dimensional Riemannian orbifold. An almost quaternionic structure on M is a rank 3 V-subbundle Q ⊂ End(T M) which is locally spanned by almost complex structures
We say that Q is compatible with g if J * i g = g for i = 1, 2, 3. Equivalently, each J i , i = 1, 2, 3 is skew symmetric. This definition is equivalent to the holonomy of (M, g) being contained in Sp(1)Sp(m). For orbifolds this is the holonomy on M\S M where S M is the singular locus of M. For more on quaternionic Kähler manifolds see [37] . Notice that this definition always holds on an oriented Riemannian 4-manifold (m = 1). This case requires a different definition. Consider the curvature operator R : Λ 2 → Λ 2 of an oriented Riemannian 4-manifold. With respect to the decomposition
where W + and W − are the selfdual and anti-self-dual pieces of the Weyl curvature and 
3-Sasakian reduction.
We now summarize 3-Sasakian reduction and its application to producing infinitely many 3-Sasakian 7-manifolds. In particular, we are interested in toric 3-Sasakian 7-manifolds which have a T 2 action preserving the 3-Sasakian structure. Up to coverings they are all obtainable by taking 3-Sasakian quotients of S 4n−1 by a torus T k , k = n − 2. See [8, 5] for more details. Let (S, g) be a 3-Sasakian manifold. And let I(S, g) be the subgroup in the isometry group Isom(S, g) of 3-Sasakian automorphisms.
Let G ⊆ I(S, g) be compact with Lie algebra g. One can define the 3-Sasakian moment map
whereX be the vector field on S induced by X ∈ g. 
Consider the unit sphere S 4n−1 ⊂ H n with the metric g obtained by restricting the flat metric on H n . Give S 4n−1 the standard 3-Sasakian structure induced by the right action of Sp(1). Then I(S 4n−1 , g) = Sp(n) acting by the standard linear representation on the left. We have the maximal torus T n ⊂ Sp(n) and every representation of a subtorus T k is conjugate to an inclusion ι Ω : T k → T n which is represented by a matrix
where (τ 1 , . . . , τ k ) ∈ T k . Every such representation is defined by the k × n integral weight matrix
. . , k be a basis for the dual of the Lie algebra of
Let Ω be nondegenerate, and let d be the gcd of all the ∆ α1,...,α k , the kth determinantal divisor. Then Ω is admissible if (ii) gcd(∆ α2,...,α k+1 , . . . , ∆ α1,...,αt,...,α k+1 , . . . , ∆ α1,. ..,α k ) = d for all length k + 1
The quotient obtained in Proposition 5.10 S Ω = S 4n−1 T k (Ω) will depend on Ω only up to a certain equivalence. Choosing a different basis of t k results in an action on Ω by an element in Gl(k, Z). We also have the normalizer of T n in Sp(n), the Weyl group W (Sp(n)) = Σ n × Z n 2 where Σ n is the permutation group. W (Sp(n)) acts on S 4n−1 preserving the 3-Sasakian structure, and it acts on weight matrices by permutations and sign changes of columns. The group Gl(k, Z) × W (Sp(n)) acts on M k,n (Z). We say Ω is reduced if d = 1 in definition 5.11. It is a result in [8] that we may assume that a nondegenerate weight matrix Ω is reduced, as this is the case when (5.4) is an inclusion.
(
ii) Supposing Ω is nondegenerate, S Ω is smooth if and only if Ω is admissible.
Notice that the automorphism group of S Ω contains T n−k ∼ = T n /ι Ω (T k ). We now restrict to the case of 7-dimensional toric quotients, so n = k + 2. We may take matrices of the form This shows that for n = k+2 there are infinitely many reduced admissible weight matrices. One can, for example, choose a i , b j , i, j = 1, . . . k be all pairwise relatively prime. We will make use of the cohomology computation of R. Hepworth [26] to show that we have infinitely many smooth 3-Sasakian 7-manifolds of each second Betti number b 2 ≥ 1. Let ∆ p,q denote the k × k minor determinant of Ω obtained by deleting the p th and q th columns.
Theorem 5.14 ([26] [7, 8] ). Let Ω ∈ M k,k+2 (Z) be a reduced admissible weight matrix. Then π 1 (S Ω ) = e. And the cohomology of S Ω is p 0 1 2 3 4 5 6 7 If we consider weight matrices as in Proposition 5.13, then the order of G Ω is greater than |a 1 · · · a k | + |b 1 · · · b k |. We have the following. 5.3. Anti-self-dual Einstein spaces. We consider the anti-self-dual Einstein orbifolds M = M Ω associated to the toric 3-Sasakian 7-manifolds S in greater detail. Since M is a 4 dimensional orbifold with an effective action of T 2 the techniques of [25] show that M is characterized by the polygon Q Ω = M/T 2 with k + 2 edges, . . k + 2 is strictly increasing. We will make use of the following result of D. Calderbank and M. Singer [12] which classifies those compact orbifolds which admit toric anti-self-dual Einstein metrics. The case for which the associated 3-Sasakian space is smooth is originally due to R. Bielawski [4] . The singular set of M consists of two points with stablizer group Z 3 and two with Z 4 . The associated toric Kähler-Einstein surface is that in figure 2 . ♦
The generic fiber of ̟ : S → M is either SO(3) of Sp (1). In general the existence of a lifting to an Sp(1) V-bundle is obstructed by the Marchiafava-Romani class which when M is 4-dimensional is identical to w 2 (M) ∈ H 2 orb (M, Z 2 ). In other words, the contact line bundle L has a square root L 
5.4.
Twistor space and divisors. We will consider the twistor space Z introduced in Theorem 5.6 more closely for the case when M is an anti-self-dual Einstein orbifold. For now suppose (M, [g]) is an anti-self-dual, i.e. W + ≡ 0, conformal orbifold. There is a twistor space of (M, [g]) which is originally due to R. Penrose [36] . See [1] for positive definite case.
The twistor space of (M, [g]) is a complex three dimensional orbifold Z with the following properties:
a. There is a V -bundle fibration ̟ : Z → M. b. The general fiber of P x = ̟ −1 (x), x ∈ Z is a projective line CP 1 with normal bundle N ∼ = O(1) ⊕ O(1), which holds over singular fibers with N a V-bundle. c. There exists an anti-holomorphic involution σ of Z leaving the fibers P x invariant. Let T be an oriented real 4-dimensional vector space with inner product g. Let C(T ) be set of orthogonal complex structures inducing the orientation, i.e. if r, s ∈ T is a complex basis then r, Jr, s, Js defines the orientation. One has
, where S 2 is the sphere of radius √ 2. Now take T to be H. Recall that Sp(1) is the group of unit quaternions. Let
Then we have
where Z 2 is generated by (−1, −1). Let
Then g ∈ C defines an orthogonal complex structure by w → gw, for w ∈ H, giving an identification C = C(H). Let V + = H considered as a representation of Sp(1) + and a right C-vector space. Define π : V + \ {0} → C by π(h) = −hih −1 . Then the fiber of π over hih −1 is hC. Then π is equivariant if Sp(1) + acts on C by q → gqg −1 , g ∈ Sp(1) + . We have a the identification (5.12)
Fix a Riemannian metric g in [g]. Let φ :Ũ → U ⊂ M be a local uniformizing chart with group Γ. Let FŨ be the bundle of orthonormal frames onŨ. Then
defines a local uniformizing chart for Z mapping to
Right multiplication by j on V + = H defines the anti-holomorphic involution σ which is fixed point free on (5.13). We will denote a neighborhood as in (5.13) bỹ U Z . An almost complex structure is defined as follows. At a point z ∈Ũ Z the LeviCivita connection defines a horizontal subspace H z of the real tangent space T z and we have a splitting (5.14)
where ̟(z) = x and T x is the real tangent space ofŨ. Let J z be the complex structure on T x given by z ∈ P x = C(T x ), and let J ′ z be complex structure on T x ⊕ T z P x arising from the natural complex structure on P x . Then the almost complex structure on T z is the direct sum of J z and J ′ z . This defines a natural almost complex structure on ZŨ which is invariant under Γ. We get an almost complex structure on Z which is integrable precisely when W + ≡ 0.
Assume that M anti-self-dual Einstein with non-zero scalar curvature. Then Z has a complex contact structure D ⊂ T 1,0 Z with holomorphic contact form
The group of isometries Isom(M) lifts to an action on Z by real holomorphic transformations. Real means commuting with σ. This extends to a holomorphic action of the complexification Isom(M) C . For X ∈ Isom(M) ⊗ C, the Lie algebra of Isom(M) C , we will also denote by X the holomorphic vector field induced on
. By a well known twistor correspondence the map X → θ(X) defines an isomorphism
which maps real vector fields to real sections of L.
Suppose for now on that M is a toric anti-self-dual Einstein orbifold with twistor space Z. We will assume that π orb 1 (M) = e which can always be arranged by taking the orbifold cover. Then as above T 2 acts on Z by holomorphic transformations. And the action extends to T 2 C = C * × C * , which in this case is an algebraic action. Let t be the Lie algebra of T 2 with t C the Lie algebra of T 
where for t ∈ E we denote X t = (θ(t)) the divisor of the section θ(t) ∈ H 0 (Z, O(L)). Note that E has an equator of real divisors. Also, since T 2 C is abelian, every X t , t ∈ E is T 2 C invariant.
Our goal is to determine the structure of the divisors in the pencil E. As before we will consider the one parameter groups ρ i ∈ N = Z × Z, where N is the lattice of one parameter C * -subgroups of T 2 C . Also, we will identify the Lie algebra t of T 2 with N ⊗ R and the Lie algebra t C of T 2 C with N ⊗ C. Since L| Px = O(2) a divisor X t ∈ E intersects a generic twistor line P x at two points.
Recall that the set of non-trivial stablizers of the T 2 -action on M is B = ∪ k+2 i=1 B i where B i is topologically a 2-sphere. Denote by x i = B i ∩ B i+1 the k + 2 fixed points of the action. We will denote P i := P xi , i = 1, . . . , k + 2. One can show there exist two irreducible rational curves C
The singular set for the T 2 -action on Z is the union of rational curves
With a closer analysis of the action of T 2 C on Z one can prove the following. See [40] for the proof. The term suborbifold denotes a subvariety which is a submanifold in every local uniformizing neighborhood. Then there are distinct real points t 1 , t 2 , . . . , t n ∈ E so that for t ∈ E \ {t 1 , t 2 , . . . , t n }, X t ⊂ Z is a suborbifold. Furthermore X t is a special symmetric toric Fano surface. The anti-canonical cycle of X t is C 1 , C 2 , . . . , C 2n , and the corresponding stabilizers are ρ 1 , ρ 2 , . . . , ρ 2n which define the vertices in Note that a consequence of the theorem is that Σ given by equation (5.17) is the set with non-trivial stablizers of the action of the complex torus T 2 C .
Sasakian submanifolds
In this section we use the results on toric 3-Sasakian manifolds to produce a new infinite series of toric Sasaki-Einstein 5-manifolds corresponding to the toric 3-Sasakian 7-manifolds discussed above and completing the correspondence in diagram 1.1. But first we review the Smale/Barden classification of smooth 5-manifolds which will be used. The possible diffeotypes of toric examples in dimension 5 is very limited.
6.1. Classification of 5-Manifolds. Closed smooth simply connected spin 5-manifolds were classified by S. Smale [38] . Subsequently D. Barden extended the classification to the non-spin case [3] . Consider the primary decomposition
where k j divides k j+1 . Of course the decomposition is not unique, but the r, k 1 , . . . , k s are. The second Stiefel-Whitney class defines a homomorphism w 2 :
One can arrange the decomposition 6.1 so that w 2 is non-zero on only one component Z kj , or Z of Z r . Then define i(M ) to be i if 2 i is the 2-primary component of Z kj , or ∞. Alternatively, i(M ) is the minimum i so that w 2 is non-zero on a 2-primary component of order 2
i of H 2 (M, Z). 
A complete set of invariants is given by H 2 (M, Z) and i(M ), and the manifolds
is the Wu manifold, and X ∞ is the non-trivial
The existence of an effective T 3 action severely restricts the topology by the following theorem of Oh [35] .
Theorem 6.2. Let M be a compact simply connected 5-manifold with an effective
By direct construction C. Boyer, K. Galicki, and L. Ornea [9] showed that the manifolds in this theorem admit toric Sasakian structures and, in fact, admit regular Sasakian structures.
A simply connected Sasaki-Einstein manifold must have w 2 = 0, therefore we have the following: 6.2. Sasakian Submanifolds and Examples. Associated to each compact toric anti-self-dual Einstein orbifold M with π orb 1 (M) = e is the twistor space Z and a family of embeddings X t ⊂ Z where t ∈ E \ {t 1 , t 2 , . . . , t k+2 } and X = X t is the symmetric toric Fano surface canonically associated to M. We denote the family of embeddings by (6.2) ι t : X → Z.
Let M be the total space of the S 1 V-bundle associated to K X or K 1 2 X , depending on whether Ind(X) = 1 or 2. 
Proof. Let {g, Φ, ξ, η} be the fixed Sasakian structure on S with Φ descending to the complex structure on Z. The adjunction formula gives
Z | X . Let h be the Kähler-Einstein metric on Z related to the 3-Sasakian metric g on S by Riemannian submersion. Recall that S is the total space of the
X if w 2 (M) = 0). Using the isomorphism in (6.4) we lift ι t toῑ t . The metric on S is
Pull back h and η toh = ι * t h andη =ῑ * t η respectively. It follows that We are more interested in M with the Sasaki-Einstein metric that exists by corollary 4.6. In this case the horizontal maps are not isometries.
Consider the reducible cases, t i ∈ E, i = 1, . . . , k + 2, where
, and arguing as above we obtain Sasakian manifolds N i ,N i ⊂ S, where smoothness follows from that of S, whose Sasakian structures (N i , g i , Φ i , ξ i , η i ) and (N i ,ḡ i ,Φ i ,ξ i ,η i ) pull back from that of S. And N ti ∩N ti is a lens space with the constant curvature metric. Note that ς restricts to an isometry ς : N i →N i which gives a conjugate isomorphism between Sasakian structures. These manifolds do not satisfy the conditions of Proposition 4.1, so cannot be transversally deformed to Sasaki-Einstein structures. But c B 1 (N i ) > 0, so they can be transversally deformed to positive Ricci curvature Sasakian by the transverse Calabi-Yau theorem [28] . By Theorem 6.2 N i is diffeomorphic to #kM ∞ , or
The family of submanifoldsῑ t : M → S for t ∈ E \ {t 1 , t 2 , . . . , t k+2 } and N i ,N i , i = 1, . . . , k + 2 for the reducible cases have a simple description. Recall the 1-form η = η 2 + iη 3 of section 5.1 which is (1, 0) with respect to the CR structure I = −Φ 1 . For t ∈ t let Y t denote the killing vector field on Z with lift
Complexifying gives the same equality for t ∈ t C . Thus for t ∈ E \ {t 1 , t 2 , . . . , t k+2 }, we have M t :=ῑ t (M ) = (η(Ȳ t )) ⊂ S and N i ∪N i = (η(Ȳ ti )) ⊂ S, where of course (η(Ȳ t )) denotes the submanifold η(Ȳ t ) = 0. Note that here we are setting 2/3 s of the moment map to zero.
This gives us the new infinite families of Sasaki-Einstein manifolds and the diagram 1.1. Proof. Note that the homotopy sequence
where G = SO(3) or Sp(1), shows that π orb 1 (M) = e. The toric surface X ∆ * and Sasakian 5-manifold (M,g,Φ,ξ,η) are given in Theorem 6.4. By Corollary 4.6 this Sasakian structure has a transversal deformation to a Sasaki-Einstein structure.
Given either X or M , by the discussion in section 5.3, the orbifold M can be recovered. By Theorem 5.16 M admits a unique anti-self-dual Einstein structure up to homothety compatible with the torus action. The 3-Sasakian space S and its twistor space Z can be constructed from M and its anti-self-dual Einstein structure. (cf. [5] ). Thus we have Vol(M, g i ) → 0, as i → ∞.
6.3. Examples. We consider some of the examples obtained starting with the simplest. In particular we can determine some of the spaces in diagram 1.1 associated to a toric 3-Sasakian 7-manifold more explicitly in some cases. This is the only example, I am aware of, for which the horizontal maps are isometric immersions when the toric surface and Sasakian space are equipped with the Einstein metrics.
M = CP

2
In this case M = CP 2 with the Fubini-Study metric and the reverse of the usual orientation; its twistor space is Z = F 1,2 , the manifold of flags V ⊂ W ⊂ C 3 with dim V = 1 and dim W = 2, with the homogeneous Kähler-Einstein metric. The projection π : F 1,2 → CP 2 is as follows. If (p, l) ∈ F 1,2 so l is a line in CP 2 and p ∈ l, then π(p, l) = p ⊥ ∩ l, where p ⊥ is the orthogonal compliment with respect to the standard hermitian inner product. We can define F 1,2 ⊂ CP 2 × (CP 2 ) * by
And the complex contact structure is given by θ = q i dp i − [19] and further considered in [8] . These are circle quotients of HP 2 . In this case the weight matrices are of the form Ω = p = (p 1 , p 2 , p 3 ) with the admissible set We see that M Ω ∼ = CP 2 a1,a2,a3 where a 1 = p 2 + p 3 , a 2 = p 1 + p 3 , a 3 = p 1 + p 2 and the quotient metric is anti-self-dual with the reverse of the usual orientation. If p 1 , p 2 , p 3 are all odd then the generic leaf of the 3-Sasakian foliation F 3 is SO(3). If exactly one is even, then the generic leaf is Sp(1). Denote by X p1,p2,p3 the toric Fano divisor, which can be considered as a generalization of CP 
Positive Ricci curvature examples
In this section we use the toric geometry developed to construct examples of positive Ricci curvature Sasakian structures on the manifolds X ∞ #(k − 1)M ∞ in Theorem 6.1. By Theorem 6.2 these are the only simply connected non-spin 5-manifolds that can admit toric Sasakian structures. They are already known to admit Sasakian structures [9] .
Define a marked fan ∆ * = ∆ * k,p , k ≥ 2, p ≥ 0 as follows. Let σ 0 = (−1, 0), σ 1 = (0, 1); σ j = (j − 1, It is easy to check that l is strictly upper convex, and we have π 3) a homothetic deformationg a = a 2η ⊗η + ag T for small enough a ∈ R + has Ricg a positive on M . Considering π : M → X as an S 1 V-bundle over X, it lifts to a genuine fiber bundle over B(X) = M × S 1 E(S 1 ),π :M → B(X). Here E(S 1 ) is the universal S 1 -principal bundle, and B(X) is the orbifold classifying space (cf. [6] ). Since M is smooth, we have a homotopy equivalenceM ≃ M . And since π org 1 (X) = e, the first few terms of the Gysin sequence give 
